The three-dimensional charge density wave (CDW) compound CuV 2 S 4 is known to undergo phase transitions at ∼91 and ∼50 K. Employing single-crystal x-ray diffraction on an annealed crystal, we confirm the formation of an incommensurate CDW at T CDW ≈ 91 K, and we establish the nature of the transition at T lock-in ≈ 50 K as a lock-in transition toward a threefold superstructure. As-grown crystals develop the same incommensurate CDW as the annealed crystal does, but they fail to go through the lock-in transition. Instead, the length of the modulation wave vector continues to decrease down to low temperatures in as-grown crystals. These findings are corroborated by distinct temperature dependencies of the electrical resistivity, magnetic susceptibility, and specific heat measured on as-grown and annealed crystals. A superspace model for the crystal structure of the incommensurate CDW suggests that the formation of extended vanadium clusters is at the origin of the CDW. In the lock-in phase, short and long V-V distances persist, but clusters now percolate the entire crystal. The lowering toward orthorhombic symmetry appears to be responsible for the precise pattern of short and long V-V distances. However, the orthorhombic lattice distortion is nearly zero for the annealed crystal, while it is visible for the as-grown material, again suggesting the role of lattice defects in the latter.
I. INTRODUCTION
Historically, charge density waves (CDWs) have been associated with instabilities of quasi-one-dimensional (1D) metals [1, 2] . The latter compounds feature parallel chains of atoms or molecules in their crystal structures, while the electrical conductivity is much higher along this unique direction than perpendicular to it. The CDW is stabilized by Fermi surface nesting (FSN) between coplanar sections of the Fermi surface. The wave vector q responsible for the FSN characterizes a wavelike variation of the valence electron density as well as a periodic lattice distortion (PLD) of the atoms. Depending on the filling of the valence band, q may be commensurate or incommensurate with the periodicities of the underlying lattice. Ideally, FSN involves the entire Fermi surface, and the phase transition between the normal state and the CDW state is a metal-insulator transition, as has been observed for blue bronze, K 0.3 MoO 3 [3] . In most compounds, only a finite fraction of the Fermi surface is nested, and the CDW transition causes an anomalous increase of the electrical resistivity upon cooling through the transition, as has been found in NbSe 3 [4] . * Present address: P3 Systems GmbH, 85055 Ingolstadt, Germany. † Present address: Instrument Systems Optische Messtechnik GmbH, 81677 Munich, Germany.
‡ smash@uni-bayreuth.de § ramky@tifr.res.in FSN as the origin of the CDW transition has been criticized by Johannes and Mazin [5] . Instead, they proposed q-dependent electron-phonon coupling (EPC) to be the deciding interaction. It is now recognized that there can exist several disparate mechanisms for CDW formation, applicable in different compounds, which include FSN, EPC, orbital order, and charge ordering [6, 7] .
CDW instabilities have been recognized to develop in three-dimensional (3D) materials, which lack a clear anisotropy of their electrical conductivities and their crystal structures, but which involve strong electronic correlations [8] . Materials of this kind include R 5 Ir 4 Si 10 , where R is a rareearth element [9] , RNiC 2 [10] [11] [12] [13] , R 3 Co 4 Sn 13 [14] , Sr 3 Ir 4 Sn 13 [15, 16] , and NiV 2 S 4 [17] . Recent interest in CDW materials has been motivated by the interplay between CDW, superconductivity, and magnetic order. The competition between CDWs and superconductivity was experimentally demonstrated through the observation of enhanced superconductivity upon suppression of the CDW, for example as achieved by pressure in Lu 5 Ir 4 Si 10 [18] and by chemical doping in Cu x TiSe 2 (x ≈ 0.05) [19] .
CuV 2 S 4 is a prototypic 3D material, since its spinel structure has cubic symmetry F d3m and thus lacks anisotropy of its electrical resistivity by principle. Yet, it shows CDW transitions at ∼91 and ∼50 K. Furthermore, the low-temperature behavior of the specific heat and the magnetic susceptibility have suggested the presence of strong electron correlations [20, 21] . This makes CuV 2 S 4 unique among the CDW materials. However, unlike other CDW materials, there is conflicting information on the low-temperature phase diagram. The initial report by Fleming et al. [22] proposed a CDW phase transition at T CDW = 90 K and a first-order phase transition at T c2 = 50 K with a hysteresis of T = 10 K. Single-crystal x-ray diffraction (SXRD) by Fleming et al. [22] indicated the development of an incommensurate CDW at T CDW with modulation wave vector q = ( 3 4 + δ) (1 , 1 , 0) and a temperature-dependent incommensurability δ between 0.015 and 0 [23] . At T = 75 K the modulation became commensurate (δ = 0), while the 50 K transition involved a change of q toward a different incommensurate value q = ( 2 3 + δ ) (1 , 1 , 0) with δ ≈ 0.01 [22] . Subsequent work confirmed two phase transitions, albeit at different T CDW = 91.5 K and T c2 = 56 K with a hysteresis of only 4 K [24] . Specific-heat data resulted in T CDW = 92 K and T c2 = 58 K [25] . Based on x-ray powder diffraction (XRPD), Okada et al. [24] discovered a tetragonal lattice distortion at all temperatures below 90 K. More recently, again using XRPD, Kawaguchi et al. [26] determined the modulated structure of the incommensurate CDW at 70 K, employing the orthorhombic superspace group Imm2(0 σ o 0) and modulation wave vector q = ( 3 4 + δ) (1 , 1 , 0) with δ = −0.0109 (negative) [26] . An orthorhombic lattice distortion is in agreement with the number of six domains in the CDW phase as observed by electron diffraction [27] . However, Kawaguchi et al. [26] report the diffraction to be equal at 20 and 70 K, thus failing to see any structural effects of the phase transition at 50 K.
Horny et al. [21, 28] have shown that the phase transitions of CuV 2 S 4 depend on the history of the sample, which they attributed to the presence of disorder in various degrees. Good-quality samples with a reproducible behavior can be obtained by annealing previously synthesized single crystals at 723 K for several days [21] . Here we report the results of SXRD experiments on as-grown and annealed CuV 2 S 4 . For an annealed single crystal we find that the phase transition at T CDW involves the development of a CDW with q = ( 3 4 + δ) (1 , 1 , 0) and a temperature-dependent incommensurability δ. The 50 K transition is identified as a lock-in transition toward q c = 2 3 (1 , 1 , 0). The modulated structure is refined against SXRD, employing the same orthorhombic superspace group as that used in [26] . However, modulation amplitudes are different for some atoms from their values obtained from Rietveld refinement against XRPD [26] . We can reproduce all the previously observed behavior in the present SXRD experiments on as-grown single crystals, including the absence of phase transitions in some crystals and different temperature dependencies of the modulation satellite reflections in other crystals. The present models for the CDW and lock-in phases are discussed in view of other highly correlated CDW materials and of the band structure of CuV 2 S 4 .
II. EXPERIMENT

A. Synthesis and x-ray diffraction
Microcrystalline CuV 2 S 4 was prepared by direct reaction of the elements according to procedures discussed by Horny [21] . An evacuated and sealed quartz-glass ampoule containing a stoichiometric mixture of copper (381.2 mg; 99.999% purity; Alfa Aesar), vanadium (635.8 mg; 99.5%; Aldrich), and sulfur (769.6 mg; 99.998%; Alfa Aesar), including 4% excess of vanadium, was slowly heated to and then kept at 1153 K for 120 h. Subsequently, the ampoule was cooled down to 293 K over 8 h. Single crystals were grown by vapor transport in evacuated quartz-glass ampoules, employing 110 mg of previously synthesized microcrystalline powder together with 5 mg/cm 3 iodine as a transport agent [21] . After slow heating, the ampoule was kept for 96 h in a gradient of 1063/1003 K, with the educt at the hotter side. Single crystals of CuV 2 S 4 grew in the colder half of the ampoule with sizes of up to 0.2 mm. Different experiments led to crystals of different sizes, but never larger than 2 mm. Attempts to grow single crystals in a gradient of 1093/1033 K-favorably discussed in the literature [21] -resulted in the formation of single crystals of almost exclusively Cu 3 VS 4 [29] . Employing an exact stoichiometric mixture or an excess of sulfur also increases the amount of Cu 3 VS 4 that is formed at the product side.
Crystals of suitable sizes for SXRD were taken from one batch. They were annealed for 48 h at 723 K in an evacuated quartz-glass ampoule [21] . One annealed crystal of good quality-crystal A-was used for the SXRD experiment at beamline P24 of the synchrotron PETRA III at DESY in Hamburg, Germany. SXRD was measured on a fourcircle diffractometer with a MARCCD detector, employing monochromatic radiation of wavelength λ P24 = 0.495 935 Å. The temperature of the sample was set at selected values between 20 and 250 K with a CRYOCOOL open-flow cryostat, employing helium as cryo gas.
As-grown single crystals from different batches were extensively tested by SXRD on a MAR345 image plate diffractometer with monochromatized Ag Kα radiation (λ = 0.5608 Å) from a rotating anode source. Several crystals of suitable sizes (smaller than 0.2 mm) were obtained, which were of excellent quality (all peaks indexed with the cubic lattice; narrow Bragg reflections). The quality of annealed and as-grown single crystals cannot be distinguished on the basis of these criteria.
Temperature-dependent SXRD was measured on several as-grown single crystals at the Swiss-Norwegian Beamlines (SNBL) of the European Synchrotron Radiation Facility (ESRF) in Grenoble [30] . A one-circle diffractometer was used together with a PILATUS 2M detector placed perpendicular to the beam, employing monochromatic radiation of wavelength λ SNBL = 0.677 60 Å. In a first experiment, crystal B was cooled with a nitrogen open-flow cryostat toward temperatures between 80 and 300 K. In particular, diffraction was measured at 1 K intervals between 80 and 95 K, encompassing the CDW transition.
In a second experiment, an open-flow helium cryostat was used to cool the samples at temperatures between 4.2 and 45 K [31] . This setup was prone to the formation of ice around the samples. Ice formation prevented some datasets from being indexed, while reliable values for integrated intensities of Bragg reflections could not be obtained for several more datasets, even though reliable values for the lattice parameters and modulation wave vector were obtained. Useable data were thus obtained at six temperatures for crystal C, at eight temperatures for crystal D, and at a single temperature for crystal E. 
B. Physical properties
Physical properties and their dependence on temperature have been measured on a large, bar-shaped single crystal of CuV 2 S 4 : crystal P from batch KK216. Properties were initially measured on the as-grown crystal P. Subsequently, crystal P was annealed for one week at 723 K. Properties were again measured, then producing values for the annealed state.
The electrical resistivity was measured at temperatures from 2 to 300 K, employing a laboratory-built setup at the Tata Institute of Fundamental Research (TIFR) in Mumbai. Ohmic contacts have been made using conductive silver paste and gold wires (40 μm diam) for the standard four-probe technique configuration to measure resistivity. Electrical resistivity was measured using a LR-700 (Linear Research, USA) ac bridge with 5 mA current operating at a frequency of 16 Hz. The electrical resistivities of both the as-grown and annealed states of crystal P reveal anomalies at ∼91 and ∼56 K, i.e., at both transitions ( Fig. 1 ). These anomalies are sharper and more pronounced in the annealed state, in agreement with better quality of the latter state. The resistivity is smaller for the annealed state by an amount of 35.1 μ cm at room temperature and by an amount of 54.6 μ cm at low temperatures. This indicates that annealing indeed removes much of the defects. The excellent quality of the crystal in the annealed state also shows up in the residual resistance ratio (RRR; ρ 300 K /ρ 4.2 K ) being equal to 16.5, which is comparable to the best reported values [21] , and being substantially larger than 4.5 for the as-grown crystal.
The heat capacity (C p ) was measured by the thermal relaxation method using a Physical Property Measuring unit (PPMS, Quantum Design, USA). Data on the as-grown state were collected for 5-250 K. The annealed crystal P was measured for 5-150 K. C p (T ) of the annealed crystal exhibits anomalies at T CDW = 90.37 K and T c2 = 56.68 K, whereas C p (T ) of the as-grown state has an anomaly at T CDW = 87.08 K only (Fig. 2) . Clearly, the sharp feature at lower temperature is related to the lock-in transition as observed by the x-ray measurements. The low-temperature heat-capacity coefficient, γ , is found to be in good agreement with the value reported earlier (Fig. 2) [21, 22, 28] . This again implies that the crystal is of very good quality.
The magnetic susceptibility (χ ) was measured with a commercial SQUID magnetometer (MPMS 7, Quantum Design, USA) in the temperature range 5-300 K. Data were collected while cooling the sample and again while heating the sample, both for the as-grown and annealed state. Anomalies in χ (T ) are found for both transitions in all four curves, while transitions appear sharper for the annealed state (Fig. 3) . The values of the susceptibility and the temperature dependence behavior are very similar to the previous reports [21, 22, 28] .
III. Results
A. Structural phase transitions
Based on anomalies observed in the temperature dependencies of transport properties, magnetic properties, and thermodynamic properties, Okada et al. [24] have identified two phase transitions for CuV 2 S 4 , at temperatures of T CDW = 91.5 K and T c2 = 56 K, respectively. These results are in agreement with the present data on the annealed state, for which we have observed anomalies in the temperature dependencies of the electrical resistivity (Fig. 1) , specific heat (Fig. 2) , and magnetic susceptibility (Fig. 3) at both transitions. The sharpest anomalies are found for the specific heat, resulting in transition temperatures T CDW = 90.37 K and T c2 = T lock-in = 56.68 K. The up-turn of the resistivity at T CDW , the smaller value of the magnetic susceptibility in the CDW state, and the λ-shaped anomaly in the specific heat are all in agreement with a CDW transition at T CDW .
Employing an annealed single crystal, we could correlate these transitions with the development of an incommensurate CDW below T CDW and a lock-in transition at T c2 = T lock-in ( Table I ). The present diffraction data do not give accurate values for the transition temperatures, but they are in agreement with values obtained from transport properties. The components of the modulation wave vectors at 20 and 40 K seem to deviate from 2/3. However, structure refinements (see below) show that a threefold supercell model gives a substantially better fit to the diffraction data than a model with an incommensurate modulation does, thus providing definite evidence for the commensurate character of the modulation in the lock-in phase below T c2 . These features place the behavior of CuV 2 S 4 on par with many other aperiodic crystals, where an incommensurate phase transition is followed by a lockin transition at lower temperatures. Unique to CuV 2 S 4 is the sluggish character of the lock-in transition. Upon initial cooling from 80 to 20 K, it took about four hours at 20 K for the transition toward the commensurate phase to complete. TABLE I. Temperature dependence of the lattice parameters a F , c F , and γ F , the volume V of the unit cell, and the component σ of the modulation wave vector q = (σ, σ, 0) for crystal A (annealed). See Sec. S1 of [32] for the F -centered setting of F -centered cubic and I-centered orthorhombic lattices. Temperature dependence of the lattice parameters a F , c F , and γ F , the volume V of the unit cell, and the component σ of the modulation wave vector q = (σ, σ, 0) for crystal B (as-grown). See Sec. S1 of [32] for the F -centered setting of F -centered cubic and I-centered orthorhombic lattices. For the as-grown crystal P, anomalies in the temperature dependencies of the electrical resistivity ( Fig. 1 ) and magnetic susceptibility (Fig. 3) are again found at both transitions. However, they appear broadened and less pronounced, especially for the lock-in transition. The temperature dependence of the specific heat has a sharp anomaly at T asgr CDW = 87.08 K (Fig. 2) , which value is 3.3 K lower than for the annealed state. The specific heat of the as-grown crystal P does not reveal any anomaly at the lock-in transition, suggesting that as-grown material does not proceed through the lock-in transition.
These results are corroborated by diffraction experiments. The SXRD experiment on crystal B (not annealed) revealed the CDW transition to take place at 84.5 ± 0.5 K (Table II) . The intensities of the satellite reflections as well as the magnitudes of the major modulation amplitudes of the refined structure models are in agreement with a second-order phase transition, although there are too few data points close to T CDW for the determination of a critical exponent (Fig. 4) . The transition of as-grown crystals is at a substantially lower temperature than the transition of annealed crystal A, where we have found by SXRD that the CDW phase exists at 90 K. It appears that as-grown material goes into an undercooled state of the periodic phase, despite the fact that the CDW transition is of second order. The transition is inhibited by the "disorder" proposed by Horny et al. [28] .
The lock-in transition at about 50 K has been observed upon initial cooling of as-grown crystal C. At T = 4.2 K, satellite reflections appeared that could be described by the commensurate modulation wave vector with σ = 2 3 , while the original set of incommensurate satellite reflections remained (Table III) . This observation showed that the lock-in transition has proceeded in only part of crystal C. Heating toward 35 K restored the incommensurate state, while subsequent cooling, as well as cooling of crystals D and E, never produced the commensurate state. Instead, we observe a decrease in the length of the incommensurate modulation wave vector toward lower temperatures (Fig. 5) . Together, these results TABLE III. Temperature dependence of the lattice parameters a F , c F , and γ F , the volume V of the unit cell, and the component σ of the modulation wave vector q = (σ, σ, 0) for crystals C, D, and E (as-grown). See Sec. S1 of [32] for the F -centered setting of F -centered cubic and I-centered orthorhombic lattices.
Crystal C 4.20 can be explained by modifications to the CDW state of asgrown crystals, which take place around the temperature of the lock-in transition, but that fail to develop long-range order. That is, the lock-in transition as such does not take place in as-grown crystals, despite anomalies observed in the temperature dependencies of the electrical resistivity, ρ(T ), and the magnetic susceptibility, χ (T ) (also see Fig. 6 ).
For the annealed crystal, the incommensurate component σ goes through the rational value 3 4 upon cooling through about 80 K (Table I) . For the as-grown crystals, the behavior is not exactly reproducible, but the component σ again passes 3 4 , with a tendency toward a value of 0.725 at very low temperatures (Table III) . These observations are in agreement with Kawaguchi et al. [26] , who reported observing the same modulated crystal structures at 70 and 20 K. Furthermore, they might explain the results of Fleming et al. [22] , who found a presumed lock-in transition at 75 K toward the commensurate value 3 4 . Here it is noticed that the modulation wave vector q c = ( , 0) describes a threefold superstructure, because 3q c = (2, 2, 0) is a reciprocal-lattice vector of the basic lattice, while q = ( 3 4 , 3 4 , 0) describes an eightfold superstructure, because 4q = (3, 3, 0) is a forbidden reciprocal point of the F -centered lattice, and only 8q is a reciprocallattice vector. Apparently, an eightfold supercell relation is of too high order for inducing a lock-in transition toward the value 3 4 .
B. Diffraction symmetry and lattice distortion
One of the open questions is the symmetry of the CDW phase, where the possibility must be considered that the development of the modulation is accompanied by a lowering of the point symmetry of crystal structure. The cubic space group F d3m (No. 227 [33] ) has the maximum tetragonal subgroup I4 1 /amd (No. 141), the latter of which has the orthorhombic subgroups F ddd (No. 70) and Imma (No. 74). Kawaguchi et al. [26] established noncentrosymmetric Imm2 symmetry for the incommensurate CDW phase, with superspace group Imm2(σ 0 0)000 [No. 44.1.12.4; standard setting I2mm(0 0 σ )000 [34] ].
The present SXRD data allow for further tests of the lattice symmetry. In particular, the cubic lattice is approximately preserved in the CDW phase, because there is no obvious splitting of main reflections. Up to 12 satellite reflections around each main reflection can be described by six symmetry equivalent modulation wave vectors (Tables S3 and S4 in [32] ). A tetragonal CDW structure would involve four of the 12 satellite reflections that are described by two modulation wave vectors (Fig. 7) . The other satellite reflections then are due to threefold twinning. Three domains exist, with the tetragonal fourfold axis along one of a F , b F , and c F of the F -centered unit cell, respectively. The point symmetry of the main Bragg reflections of such a twinned crystal is orthorhombic mmm, whereby the mirror planes refer to mirror planes perpendicular to the coordinate axes of the F -centered unit cell. However, satellites from different domains are completely separated, so that the full 4/mmm symmetry would apply to them. Averaging the diffraction data according to these symmetries resulted in R int = 0.487 for the satellite reflections, which provides definite proof that the CDW phase does not have tetragonal symmetry nor orthorhombic F ddd symmetry (Table S5 in [32] ).
Orthorhombic Imm2 symmetry refers to mirror planes perpendicular to the face diagonals of the F -centered unit cell and a twofold axis along the coordinate axis c F . Sixfold twinning combined with inversion twinning results in diffraction symmetry1 of the overlapping main Bragg reflections. Each of the six pairs of satellite reflections at ±q j ( j = 1, . . . , 6) has contributions from a pair of inversion domains (Tables  S3 and S4 in [32] ). Since Friedel's law is valid in a good approximation, satellite reflections should have mmm symmetry referring to the I-centered lattice. Averaging according to this symmetry resulted in R int = 0.104 for the satellite reflections, while R σ = 0.117 (R σ is the average of the standard uncertainty divided by the intensity). These values show that orthorhombic symmetry according to Immm is fulfilled within the accuracy of the data (Table S5 in [32] ).
The F -centered unit cell (lattice parameters a F = b F = c F and
• ) is a valid alternate setting for the I-centered tetragonal lattice with a I = b I = a F / √ 2 and c I = c F (Fig. 8) [35] . It is noticed here that an F -centered unit cell can also be chosen for the I-centered orthorhombic lattice. The orthorhombic distortion, a I = b I , of the I-centered unit cell is reflected in the F -centered unit cell by γ F = 90
• ,
• (see Sec. S1 of [32] ). The ratio
is thus a good measure for the tetragonal lattice distortion, while γ F is a good measure for the orthorhombic distortion (Fig. 9) . The ratio [26] and Okada et al. [24] at 70 K. These values suggest that previous work has studied as-grown crystalline material. Okada et al. [24] have reported an increasing distortion on decreasing temperature. We find different behavior for the as-grown crystals C-E, which have lattice distortions smaller than that of crystal B [ Fig. 9(a) ]. These disparate behaviors are again in agreement with samples in nonequilibrium states, where lattice defects may depend on the precise thermal history of each sample.
Further support for this interpretation comes from crystal A (annealed), for which we have obtained values within the range 0.9995 < c F a F < 1.0001. Apparently, the tetragonal lattice distortion (which is part of the orthorhombic distortion) is much smaller for equilibrium crystals than for the disordered crystals. The magnitude of this small distortion cannot be reliably extracted from our experiments.
A similar picture is obtained for the second part of the orthorhombic distortion, which is described by γ F . The largest distortion is obtained for crystal B [ Fig. 9(b) ], with the value of γ F ≈ 89.95
• equal to the values obtained by Kawaguchi et al. [26] . Okada et al. [24] report a F = b F and c F and conclude toward a tetragonal lattice for 8-90 K. However, they do not report the value of γ F , and might have mistakenly considered any deviations from 90
• as inaccuracies of their analysis instead of being the orthorhombic distortion toward the I-centered lattice. The present data on as-grown crystals C-E suggest a decrease of the orthorhombic distortion upon cooling, whereas the annealed crystal A has nearly zero orthorhombic distortion, which apparently is the signature of equilibrated material.
C. Crystal structures of the CDW and lock-in states
The cubic spinel structure has been confirmed for annealed crystal A at 250 K and for as-grown crystal B at 95 K. Structure refinements with the software JANA2006 [36] gave an excellent fit to the diffraction data [32] .
A good fit to the diffraction data of the incommensurate CDW phase could only be achieved for superspace symmetry Imm2(σ 0 0), in agreement with the observed diffraction symmetry (Sec. III B). Employing single-harmonic modulation functions (Eq. S8 in [32] ), a good fit has been obtained to both main reflections and satellite reflections of crystal A at temperatures of 60, 80, and 90 K (Tables S2 and S6 (Tables S12-S15 of [32] ). Structure models are similar between different crystals A-D, while a tendency is observed toward larger modulation amplitudes at lower temperatures. This result implies that annealed and as-grown material reach the same CDW state at low temperatures. Accordingly, the present analysis will be concentrated on the results for crystal A (annealed) at 80 K.
The present modulation functions bear a great similarity to the first-order harmonics reported by Kawaguchi et al. [26] , especially when considering the large standard uncertainties of ∼0.015 Å for the latter Rietveld refinements against XRPD data [26] . The present refinements against SXRD data have resulted in much lower standard uncertainties (Table S10 in [32] ). Kawaguchi et al. [26] also report modulation amplitudes of second harmonic, which are of larger magnitude than first-order harmonics. The largest amplitude is B 2,x = B 2,y = 0.13(1) Å for atom V1. Amplitudes of this large magnitude should have led to strong second-order satellite reflections, which we do not observe. The second harmonic reported in [26] thus should be considered as an artifact of the Rietveld refinement. Second-order harmonics have been successfully introduced into the present refinements against SXRD data, despite the missing second-order satellites. However, resulting amplitudes are insignificant in view of their large standard uncertainties. Therefore, we propose modulation functions consisting of solely first-order harmonics as the final model.
Another major discrepancy between Kawaguchi et al.'s [26] model and the present model is that we find a significant orthorhombic distortion of the basic structure, especially for atom V2, while it is zero for atom V1. This structural feature has important consequences for understanding the CDW phase (see Sec. III D below).
The structure of the lock-in phase has been determined for crystal A at 20 and 40 K. The lock-in phase is described by the same superspace symmetry Imm2(σ 0 0) as applies to the incommensurate CDW. Structure refinements of the modulated structure against SXRD data resulted in a fit that is much better for the commensurate model than for an incommensurate model (Tables S6 and S7 in [32] ). . Labels V1-1, V2-1, and other labels indicate atoms equivalent by symmetry to V1 and V2, respectively. Blue is vanadium, gray is copper, and yellow is sulfur. [37, 38] . Therefore, it is a reasonable assumption that the origin of the CDW will be related to the modulation of the vanadium atoms. This idea is reinforced by the fact that the largest modulation amplitudes are the displacements of vanadium (Table S10) . Furthermore, all short distances between metal atoms are between vanadium atoms, while copper atoms have isolated positions farther away from any other metal atom.
The orthorhombic crystal structure of CuV 2 S 4 contains chains of V2 atoms along a F + b F (the orthorhombic axis a I ) and chains of V1 atoms along −a F + b F (the orthorhombic axis b I ; see Fig. 10 and Sec. S1 in [32] ). The modulation wave vector is parallel to a I , i.e., along the V2 chains.
The model by Kawaguchi et al. [26] involves dimerization of the V1 chains, while the incommensurate modulation of the interatomic distances along the V2 chains does not display clear features. It was thus proposed that the CDW is a commensurate CDW on the V1 chains, while interchain interactions would be responsible for the incommensurability of the modulation, in analogy to the situation for SmNiC 2 [39] .
The present structure model again involves dimerization of the V1 chains, albeit with double the period in [26] , since the present model does not involve second-order harmonics (Fig. 11) . We have presently found a major distortion of the average positions of the V2 atoms, a feature not present in the model in [26] , and resulting in a dimerization of the basic structure of the V2 chains by 0.18 Å. Furthermore, the phase shift of the modulation between consecutive atoms along the V2 chain of σ /2 ≈ 0.375 results in a V2 chain containing dimers and trimers, and there is no compelling evidence favoring a CDW on the V1 chains.
An important difference between the cubic spinel structure and orthorhombic SmNiC 2 is that the latter contains chains of Ni atoms along a single orthorhombic axis, while the spinel structure contains chains of V atoms along the six equivalent directions ±a F + b F , ±a F + c F , and ±b F + c F . Referring to the F -centered setting of the orthorhombic Imm2 structure, each V1 atom is at the intersection of the V1 chain along −a F + b F , and two chains composed of alternating V1 and V2 atoms. For one V1 atom, these mixed chains are along b F + c F and −a F + c F . The orthorhombic symmetry then implies that a second, symmetry-equivalent V1 atom is at the intersection of the V1 chain and two V1-V2 mixed chains, along −b F + c F and a F + c F . Similarly, each V2 atom is at the intersection of the V2 chain along a F + b F , and two V2-V1 mixed chains, along b F + c F and a F + c F . A second, symmetry-equivalent V2 atom is at the intersection of the V2 chain and two V2-V1 mixed chains, along −b F + c F and −a F + c F . t-plots of V-V interatomic distances then indicate that large modulations and short distances also involve V1-V2 contacts (Fig. 11) . Depending on t, extended clusters of vanadium atoms are formed, which are eventually interrupted by long distances due to the incommensurability of the modulation. Accordingly, we propose that the formation of 3D clusters is at the basis of the CDW in CuV 2 S 4 .
Modulation amplitudes for the lock-in state are similar to but distinctly different from those for the incommensurate CDW phase. The distortion of the basic structure is much smaller for the lock-in state than for the incommensurate CDW. On the other hand, the commensurability determines that values of the modulation functions are physically relevant for only three values of their arguments. In the present structure models, those are the values of t equal to 1 6 , 1 2 , and 5 6 (vertical dashed lines in Fig. 12 ). Similar to the incommensurate structure, the lock-in state is characterized by extended clusters defined by short interatomic V-V distances.
IV. CONCLUSIONS
CuV 2 S 4 possesses the cubic spinel structure at room temperature. We have established that the formation of an incommensurate CDW state at T CDW ≈ 91 K is followed by a lock-in transition toward a threefold superstructure at T lock-in ≈ 50 K. The phase transitions critically depend on the thermal history of the sample. As-grown samples are supposed to suffer from disorder and other lattice defects [21, 28] . These defects do not show up in the diffraction of the spinel structure, but they are responsible for a suppression by a few K of T CDW (Sec. III A). Despite the presence of anomalies around T lock-in in the temperature dependencies of the electrical resistivity and magnetic susceptibility of an asgrown crystal, corresponding superlattice reflections have not been observed in SXRD. It is worthwhile to recall that the temperature dependence of the heat capacity does not exhibit an anomaly for the lock-in transition in the as-grown crystal as well (Fig. 2) . This implies that long-range order of the lock-in phase does not develop in as-grown material, but requires annealed crystals. Instead, the length of the incommensurate CDW wave vector continues to decrease toward the lowest temperatures in as-grown crystals (Fig. 5) .
Both as-grown and annealed materials transform into the same, incommensurate CDW state, as is evidenced by the structure models at low temperatures for both types of crystal. The orthorhombic superspace symmetry of the CDW state is the same as proposed by Kawaguchi et al. [26] . However, structural parameters of the present models are much more accurate than those of the Rietveld refinement [26] , and the present structure models are significantly different from that in [26] .
The largest modulation amplitudes and shortest interatomic distances between metal atoms are found for vanadium atoms. They suggest that the formation of the CDW is governed by the vanadium atoms, in agreement with band-structure calculations for the spinel phase, which indicate 3d vanadium states at the Fermi level [37, 38] . The incommensurate CDW state can be characterized by the formation of extended vanadium clusters, which are interrupted by long V-V distances due to the incommensurability. In the lock-in phase, a connected path of short V-V distances percolates throughout the crystal in all directions. The lowering toward orthorhombic symmetry appears to be responsible for the precise pattern of modulations and short and long V-V distances. The actual orthorhombic lattice distortion-visible for some as-grown material-is nearly zero within standard uncertainties for the annealed crystal (Fig. 9) .
